Ab initio many-body calculation of the Be7(p,γ)B8 radiative capture  by Navrátil, Petr et al.
Physics Letters B 704 (2011) 379–383Contents lists available at SciVerse ScienceDirect
Physics Letters B
www.elsevier.com/locate/physletb
Ab initio many-body calculation of the 7Be(p, γ )8B radiative capture
Petr Navrátil a,b,∗, Robert Roth c, Soﬁa Quaglioni b
a TRIUMF, 4004 Wesbrook Mall, Vancouver, BC V6T 2A3, Canada
b Lawrence Livermore National Laboratory, P.O. Box 808, L-414, Livermore, CA 94551, USA
c Institut für Kernphysik, Technische Universität Darmstadt, 64289 Darmstadt, Germany
a r t i c l e i n f o a b s t r a c t
Article history:
Received 25 July 2011 
Received in revised form 19 September 
2011 
Accepted 20 September 2011 
Available online 22 September 2011 
Editor: W. Haxton
We apply the ab initio no-core shell model/resonating group method (NCSM/RGM) approach to calculate 
the cross section of the 7Be(p, γ )8B radiative capture. This reaction is important for understanding the 
solar neutrino ﬂux. Starting from a selected similarity-transformed chiral nucleon–nucleon interaction 
that accurately describes two-nucleon data, we performed many-body calculations that simultaneously 
predict both the normalization and the shape of the S-factor. We study the dependence on the number 
of 7Be eigenstates included in the coupled-channel equations and on the size of the harmonic oscillator 
basis used for the expansion of the eigenstates and of the localized parts of the integration kernels. Our 
S-factor result at zero energy is on the lower side of, but consistent with, the latest evaluation.
© 2011 Elsevier B.V. Open access under CC BY license.The core temperature of the Sun can be determined with high 
accuracy through measurements of the 8B neutrino ﬂux, currently 
known with a ∼ 9% precision [1]. An important input in modeling
this ﬂux is the 7Be(p, γ )8B reaction [2] that constitutes the ﬁnal 
step of the nucleosynthetic chain leading to 8B. At solar energies 
this reaction proceeds by external, predominantly nonresonant E1, 
S- and D-wave capture into the weakly-bound ground state (g.s.) 
of 8B. Experimental determinations of the 7Be(p, γ )8B capture in-
clude direct measurements with proton beams on 7Be targets [3–5] 
as well as indirect measurements through the breakup of a 8B
projectile into 7Be and proton in the Coulomb ﬁeld of a heavy tar-
get [6–8]. Theoretical calculations needed to extrapolate the mea-
sured S-factor to the astrophysically relevant Gamow energy were 
performed with several methods: the R-matrix parametrization [9], 
the potential model [10–12], microscopic cluster models [13–15] 
and, recently, also using the ab initio no-core shell model wave 
functions for the 8B bound state [16]. The most recent evaluation 
of the 7Be(p, γ )8B S-factor at zero energy, S17(0), has a ∼10% er-
ror dominated by the uncertainty in theory [2].
In this Letter, we present the ﬁrst ab initio many-body calcula-
tions of the 7Be(p, γ )8B capture starting from a nucleon–nucleon 
(NN) interaction that describes two-nucleon properties with high 
accuracy. We apply a recently developed technique that combines 
ab initio no-core shell model (NCSM) [17] and resonating-group 
method (RGM) [18,19] into a new many-body approach [20–22] 
(ab initio NCSM/RGM) capable of treating bound and scattering
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doi:10.1016/j.physletb.2011.09.079states of light nuclei in a uniﬁed formalism. We use, in particular, 
the orthonormalized NCSM/RGM many-body wave functions given 
by
∣∣Ψ Jπ T 〉=∑
νν ′
∫
drr2 
∫
dr′r′2Aˆν
∣∣Φ Jπ Tνr 〉
× N −1/2νν ′
(
r, r′
)χ Jπ Tν ′ (r′)
r′
, (1)
with the inter-cluster antisymmetrizer Aˆν , the center-of-mass sep-
aration rA−a,a , and binary-cluster channel states∣∣Φ Jπ Tνr 〉= [(∣∣A−aα1 Iπ11 T1
〉∣∣aα2 Iπ22 T2
〉)(sT )
× Y	(rˆ A−a,a)
]( Jπ T ) δ(r − rA−a,a)
rrA−a,a
. (2)
The wave functions χ Jπ Tν (r) of the relative inter-cluster motion 
satisfy the integro-differential coupled-channel equations
∑
ν ′
∫
dr′r′2
[N − 1 2 HN − 1 2 ]
νν ′
(
r, r′
)χν ′(r′)
r′
= E χν(r)
r
(3)
with bound- or scattering-state boundary conditions. The Hamilto-
nian and norm kernels,
H Jπ Tν ′ν
(
r′, r
)= 〈Φ Jπ Tν ′r′
∣∣Aˆν ′HAˆν ∣∣Φ Jπ Tνr 〉, (4)
N Jπ Tν ′ν
(
r′, r
)= 〈Φ Jπ Tν ′r′
∣ ˆ∣Aν ′ Aˆν ∣∣Φ Jπ Tνr 〉, (5)
contain all the nuclear structure and antisymmetrization properties 
of the problem. Further relevant details of the NCSM/RGM formal-
ism are given in Ref. [20].
380 P. Navrátil et al. / Physics Letters B 704 (2011) 379–383Fig. 1. (Color online.) Calculated NCSM 7Be eigenenergies using the SRG-N3LO NN
potential with Λ = 1.86 fm−1. Panel (a) shows the dependence of the g.s. energy on
the HO frequency for Nmax = 4–12. Absolute energies of the lowest 5 eigenstates for
Nmax = 4–12 and h¯Ω = 18 MeV are compared to experimental values in panel (b).
The Nmax = 12 results were obtained within the importance-truncated basis.
In the present case A is equal to 8, and the projectile is a pro-
ton [a = 1 in Eq. (2)]. The input into Eq. (3) are: (i) the chiral N3LO
NN potential [23], which we soften by a similarity renormalization
group (SRG) transformation [24,25] characterized by an evolution
parameter Λ; (ii) the eigenstates of the target, i.e. 7Be, calculated
within the NCSM. In Fig. 1, we show the energy dependence of
the 7Be g.s. on the harmonic-oscillator (HO) frequency (a) for the
HO basis sizes Nmax = 4 to 12, with the 12h¯Ω results obtained
using the importance-truncation scheme [26]. The frequency de-
pendence is quite ﬂat and, with the selected NN potential, we
reach converge for the g.s. at Nmax ≈ 12. The g.s. energy mini-
mum is found at h¯Ω = 18 MeV and we choose this frequency for
all subsequent calculations (including eigenstates and integration
kernels). The convergence of the absolute energies of the lowest
ﬁve 7Be states is presented in panel (b) of Fig. 1. Compared to
the experimental values, we observe a slight overbinding of the
g.s. and an overestimation of the 7/2− and 5/2−2 state excitation
energies, but, overall, the agreement is reasonable. In Table 1, we
compare some of our (IT-)NCSM 7Be results based on calculations
up to Nmax = 14 to experiment.Fig. 2. (Color online.) Dominant P -wave components of the 2+ 8B g.s. wave func-
tion for Nmax = 10 and h¯Ω = 18 MeV, using the SRG-N3LO NN potential with
Λ = 1.86 fm−1. The NCSM/RGM calculation includes 7Be g.s. and 1/2− , 7/2− , 5/2−1
and 5/2−2 excited states. The calculated s.e. is 136 keV.
Using the ﬁve lowest Nmax = 10 eigenstates of 7Be, we ﬁrst
solve Eq. (3) with bound-state boundary conditions to ﬁnd the
g.s. of 8B. We note that the same Nmax (Nmax + 1 for the posi-
tive parity states) value is used to expand the localized parts of
the integrations kernels (4) and (5). The chosen SRG-N3LO NN po-
tential with Λ = 1.86 fm−1 leads to a single bound state, 2+ , with
separation energy (s.e.) 136 keV, quite close to the experimental
137 keV. For the calculation of the low-energy behavior of the S17
S-factor, a correct s.e. is very important. The fact that the experi-
mental s.e. of 8B can be found using the SRG potential with a Λ
from a “natural” range, i.e. ≈1.8–2.1 fm−1, is reassuring. We also
note that the three-nucleon (NNN) interaction induced by the SRG
evolution of the NN potential is repulsive in this Λ range and, in
very light nuclei, its contributions are cancelled to some extent by
those of the initial attractive chiral NNN interaction (which is also
SRG-evolved) [29–31]. Consequently, the present omission of both
these NNN terms is better justiﬁed than it would be in other Λ
ranges and/or in heavier nuclei. In Fig. 2, we plot the most signiﬁ-
cant components of the radial wave functions χ(r) for the 2+ g.s.
of 8B. The dominant component is clearly the channel-spin s = 2
P -wave of the 7Be(g.s.)-p that extends to a distance far beyond
the plotted range. Remarkably, we notice a substantial contribu-
tion from the 7Be(5/2−2 )-p P -wave in the channel spin s = 2. (The
other possible s = 3 P -wave conﬁguration is negligible.) At the
same time, the 7Be 5/2−2 state is dominated by a 6Li-p channel-
spin s = 3/2 P -wave conﬁguration. Within the NCSM framework
relevant to the present calculations this was shown (for the mir-
ror 7Li-n system) in Ref. [32]. Therefore, such a large contribution
of the s = 2 7Be(5/2−2 )-p P -wave to the 8B ground state seems to
indicate the presence of two antiparallel protons outside of a 6Li
core, and that their exchanges are important. Clearly, for a realis-
tic description of the 8B g.s., this state must be taken into account.
The inﬂuence of still higher 7Be resonances on the S-factor results
will be discussed at the end of this Letter. From the 8B g.s. wave
functions, we can extract the asymptotic normalization coeﬃcients
(ANC). For example, for the 7Be(g.s.)-p components in the P -waveTable 1
7Be g.s. energy (in MeV), charge radius (in fm), g.s. quadrupole (in e fm2) and magnetic (in μN) moments and M1 transition (in μ2N) obtained within the NCSM using the
SRG-N3LO NN potential with Λ = 1.86 fm−1. Experimental values are from Refs. [27,28].
Eg.s. rc Q μ B(M1; 12
−→ 32
−
)
NCSM −38.46 2.46(2) −5.39(10) −1.15 3.14
Expt. −37.60 2.647(17) – −1.3995(5) 3.71(48)
P. Navrátil et al. / Physics Letters B 704 (2011) 379–383 381Fig. 3. (Color online.) Selected S- (a) D- (a), and P -wave (b) diagonal phase shifts of
p-7Be elastic scattering, inelastic 7Be(p, p′)7Be(1/2−) cross section (c) and elastic
7Be(p, p)7Be differential cross section at Θc.m. = 148◦ (d). Calculations as described
in Fig. 2.
of relative motion and the channel spins s = 1 and s = 2 we ob-
tained C11 = 0.294 fm−1/2 and C12 = 0.650 fm−1/2, respectively.
Next, we solve the same NCSM/RGM equations (3) with scatter-
ing-state boundary conditions for a chosen range of energies and
obtain scattering wave functions and the scattering matrix. The re-
sulting phase shifts and cross sections are displayed in Fig. 3. All
energies are in the center of mass (c.m.). We ﬁnd several P -wave
resonances in the considered energy range. The ﬁrst 1+ reso-
nance, manifested in both the elastic and inelastic cross sections,
corresponds to the experimental 8B 1+ state at Ex = 0.77 MeV
(0.63 MeV above the p-7Be threshold) [33]. The 3+ resonance, re-
sponsible for the peak in the elastic cross section, corresponds to
the experimental 8B 3+ state at Ex = 2.32 MeV. However, we also
ﬁnd a low-lying 0+ and additional 1+ and 2+ resonances that can
be distinguished in the inelastic cross section. In particular, the s =
1 P -wave 2+ resonance is clearly visible. There is also an s = 2 P -
wave 2+ resonance with some impact on the elastic cross section.
These resonances are not included in the current A = 8 evalua-
tion [33]. We note, however, that the authors of the recent Ref. [34]
do claim observation of low-lying 0+ and 2+ resonances based on
an R-matrix analysis of their p-7Be scattering experiment. Theirsuggested 0+ resonance at 1.9 MeV is quite close to the calculated
0+ energy of the present work. While our calculated D-wave phase
shifts show a slow monotonic increase, the S-wave phase shifts
rise at low energies and then decrease, as seen in Fig. 3(a). This is
a similar behavior as that found in microscopic three-cluster model
calculations of Ref. [15], while in potential model calculations the
S-wave phase shift monotonically decreases with energy [15]. Our
extracted S-wave scattering lengths are −15.3 fm and −5.2 fm for
the s = 2 and s = 1 channels, respectively. The experimental value
for s = 2 scattering length is −7(3) fm [35]. The s = 1 scattering
length has a very large uncertainty. We also note that our calcu-
lated scattering lengths decrease in absolute value with increasing
values of the SRG parameter Λ: For Λ = 2.02 fm−1 we found an
s = 2 S-wave scattering length of −10.2 fm [21]. Negative scat-
tering lengths were also found in the cluster model of Ref. [15],
although there the s = 2 scattering length was ﬁtted to the experi-
mental value mentioned above (−7 fm). The impact of the S-wave
scattering length on the S-factor was also discussed in Refs. [12]
and [36].
With the resulting bound- and scattering-state wave functions
that are properly orthonormalized and antisymmetrized (1), we
calculate the 7Be(p, γ )8B radiative capture using a one-body E1
transition operator. We use the one-body E1 operator deﬁned in
Eq. (3) of Ref. [37] that includes the leading effects of the meson-
exchange currents through the Siegert’s theorem. Here we note
that any renormalization of the E1 operator brought about by the
SRG procedure should be negligible as the E1 is a long-range oper-
ator while the SRG transformation is short range, when performed
within the interval of Λ values used in the present calculations.
The resulting S17 factor is compared to several experimental data
sets in panel (a) of Fig. 4. In the data, one can see also the con-
tribution from the 1+ resonance due to the M1 capture that does
not contribute to a theoretical calculation outside of the resonance
and is negligible at astrophysical energies [2]. While the M1 opera-
tor poses more uncertainties than the Siegert’s E1 operator (owing
to the possible need of explicit two-body currents), its treatment
within the NCSM/RGM formalism requires the evaluation of contri-
butions from both the relative-motion part and the core (7Be) part
of the wave function and is only slightly more complicated com-
pared to the E1 case. We plan to calculate its contribution in the
future. Our calculated S-factor is somewhat lower than the recent
Junghans data [5] but the shape reproduces closely the trend of
the GSI data [8], which were extracted from Coulomb breakup. The
shape is also quite similar to that obtained within the microscopic
three-cluster model [15] (see the dashed line in Fig. 4(a)) used,
after scaling to the data, in the most recent S17 evaluation [2].
The contributions from the initial 1− , 2− and 3− partial waves are
shown in panel (b) of Fig. 4. Our calculated S17(0) ≈ 19.4 eV b
is on the lower side, but consistent with the latest evaluation
20.8± 0.7(expt) ± 1.4(theory) eV b [2].
We studied the convergence of the 7Be NCSM calculations in
Fig. 1. To verify the behavior of our S-factor with respect to HO ba-
sis size and number of included 7Be eigenstates, we performed ad-
ditional calculations as summarized in Fig. 5. To study the depen-
dence on the HO basis size, shown up to Nmax = 12 in panel (b),
we use the importance-truncation scheme and, due to computa-
tional limitations, we include only the three lowest eigenstates
of 7Be. The Nmax = 10 and 12 S-factors are very close. In panel (a),
we present results with up to eight 7Be eigenstates obtained in an
Nmax = 8 basis. Calculations with more than ﬁve eigenstates are
presently out of reach for larger Nmax values. We can see a signif-
icant impact of the 5/2− states (with only three 7Be states, 8B is
unbound in this case). Among the others only the 8th state, 7/2−2 ,
contributes somewhat to the s.e. and ﬂattens the S-factor at higher
energies. We note that we selected different SRG-N3LO NN poten-
382 P. Navrátil et al. / Physics Letters B 704 (2011) 379–383Fig. 4. (Color online.) Calculated 7Be(p, γ )8B S-factor as function of the energy
in the c.m. compared to data and the microscopic cluster model calculations of
Ref. [15] with the Minnesota (MN) interaction (a). Only E1 transitions were con-
sidered. Initial-state partial wave contributions are shown in panel (b). Calculation
as in Fig. 2.
tials with the aim to match closely the experimental s.e. in each
of the largest calculation. From these results we conclude that the
use of the Nmax = 10 space is justiﬁed and a limitation to the ﬁve
lowest 7Be eigenstates is quite reasonable (or that the Nmax = 8
space is insuﬃcient and a limitation to just 3 states is unrealis-
tic). Also, based on these results we estimate the uncertainty of
our calculated S17(0) to be ±0.7 eV b.
An interesting feature of the S-factor is its ﬂattening around
1.5 MeV. As seen in Fig. 4(b), this phenomenon is due to the
S-wave contribution that dominates the J i = 2− and 1− partial
waves at low energies. The increase of ﬂattening with the num-
ber of 7Be eigenstates included in the calculation, seen in Fig. 5(a),
indicates that this is an effect due to the many-body correlations.
This ﬁnding corroborates the observations of Ref. [15], where the
ﬂattening was attributed to the deformation of the 7Be core. At
the same time, we ﬁnd that the ﬂattening is somewhat corre-
lated with the S-wave scattering length. For example, the S-wave
s = 2 scattering length increases in absolute value from −13.4 fm,
in the calculation with four states, to −14.5 fm, in that with the
eight states [see Fig. 5(a)]. We also note that the ﬂattening found
in the present work is slightly larger than that obtained in the
microscopic three-cluster model of Ref. [15], as seen in Fig. 4(a).
Presumably, this is because in the three-cluster model the 7Be
structure was assumed to be of 3He–4He nature only, while the
NCSM wave functions include in addition 6Li-p conﬁgurations, par-
ticularly for the 5/2−2 7Be state, as discussed earlier.
In Table 2, we summarize our calculated S17(0) S-factor, the
S-wave scattering lengths and selected ANCs. We note that the
ANCs from our ab initio approach are smaller than those obtained
within the microscopic three-cluster model [15] (consistently withFig. 5. (Color online.) Convergence of the 7Be(p, γ )8B S-factor with the number of
7Be eigenstates (a) and the size of the HO basis used to expand the 7Be eigenstates
and localized parts of the integration kernels (b). The number of eigenstates and the
calculated separation energy in each case is shown in the legend. HO frequencies of
h¯Ω = 19 MeV (a) and 17 MeV (b) corresponding to the respective minima of 7Be
g.s. were used.
Table 2
Calculated S17(0) S-factor, the p-7Be S-wave scattering lengths, a01 (s = 1), a02
(s = 2) and the 8B ground-state ANCs for 7Be(g.s.)-p in the P -wave and the channel
spins s = 1 (C11) and s = 2 (C12). The NCSM/RGM calculation as described in Fig. 2.
The S17(0) uncertainty was obtained as discussed in the text.
S17(0) [eV b] a01 [fm] a02 [fm] C11 [fm−1/2] C12 [fm−1/2]
19.4(7) −5.2 −15.3 0.294 0.650
our smaller S17(0) value as seen from Fig. 4(a)) but in fairly good
agreement with recent ab initio variational Monte Carlo calcula-
tions [38]. They are, however, still larger than the experimental
ones from the DWBA analysis of Ref. [39].
The present calculations improve signiﬁcantly the ﬁrst NCSM-
based 7Be(p, γ )8B S-factor calculations [16] by a consistent treat-
ment of both the bound and the scattering states. In Ref. [16],
the scattering states were obtained within a potential model. The
shape of the S-factor presented in this work clearly superseeds that
found in Ref. [16]. The presently found S17(0) S-factor value is in
between the values found in Ref. [16] with the two different NN
potential models used there.
In conclusion, we performed ab initio many-body calculations of
the 7Be(p, γ )8B radiative capture that predict simultaneously both
the normalization and the shape of the S-factor. Our S-factor result
at zero energy, S17(0) = 19.4(7) eV b, is on the lower side of, but
consistent with, the latest evaluation, and its shape follows closely
the Coulomb breakup data from Ref. [8]. Our calculations can be
further improved by including effects of additional higher-lying
7Be resonances. This can be best done by coupling the NCSM/RGM
binary-cluster basis with the NCSM calculations for 8B as outlined
in Ref. [40]. The inclusion of three-nucleon interactions, both chiral
P. Navrátil et al. / Physics Letters B 704 (2011) 379–383 383and SRG-induced [29–31], is also desirable. Efforts in these direc-
tions are under way.
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